Chapter 18
Clustering: beyond prototypes
Affinity Propagation clustering and problems with prototype-based clustering. Density
Clustering. Clustering validation.

18.1

Affinity Propagation clustering

Clustering using prototypes can be useful in some situations but inadequate in others. Because prototypebased clustering assigns data points to clusters according the their similarity to the prototypes, this
type of clustering does not work well with clusters that are not globular or have different variances.
Another difficulty arises if, like with k-means, we need to specify the number of clusters, which can
lead to a poor clustering in some cases, although, in others, this can be a useful feature as we saw in the
case of vector quantization, where the ability to specify the number of prototypes allows us to control
the quantization. Figure 18.1 shows these aspects of prototype-based clustering.
Affinity Propagation solves the problem of having to pre-determine the number of clusters to generate.
This algorithm is based, conceptually, on the idea of data points passing messages of “responsibility”
sent by each data point to the candidates for cluster prototypes, indicating how suitable each candidate
is according to that data point, and messages of “availability”, sent by each prototype candidate to the
data points indicating how adequate the candidate seems to be based on the support it has for being a
prototype. Thus, we define:
• The similarity matrix si,k , indicating how alike two data points are, with sk,k indicating the
propensity for being a prototype.
• Responsibility matrix R, with ri,k , indicating the suitability of k as prototype for i as estimated
by i
• Availability matrix A, with ai,k , indicating the suitability of k to be prototype for i as estimated
by k
The algorithm begins by initializing R and A to zero. Then assign to each value of ri,k the similarity
between point i and prototype candidate k minus the largest sum of the affinity and similarity between
i and any other prototype:
ri,k ← si,k − max
(ai,k0 + si,k0 )
0
k 6=k
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Figure 18.1: Prototype clustering fares poorly when the clusters are not globular (top-left panel), have
different variances (top-right) or the number of prototypes chosen is incorrect (bottom-left). However,
these features may be useful in some cases, such as in vector quantization (bottom-right).
In the first iteration, with A set to zero, this is simply the similarity between i and k. After the first
iteration, this also discounts the availability of the other candidates as prototypes for point i, the values
of ai,k0 , which are negative numbers. So, basically, the responsibility sent from i to k will depend on
how better than other candidates, in similarity and availability, k seems to be for i. In other words,
candidate prototypes are competing for the votes of the data points.
Then the algorithm updates the A matrix by considering the self responsibility of k and the votes k
gets from other data points.


X
ai,k(i6=k) ← min 0, rk,k +
max(0, ri0 ,k )
i0 6∈{i,k}

The self availability is updated as follows, serving as evidence that k is a prototype:
X
ak,k ←
max (0, ri0 ,k )
i0 6=k

To identify prototypes, at each iteration, the algorithm computes for each i the k 0 point with the
largest sum of availability and responsibility:
k 0 = arg max ai,k + ri,k
k

If k 0 = i, then i is a prototype of a cluster. Otherwise, i belongs to the cluster with prototype k 0 .
Figure 18.2 shows some stages of the affinity propagation algorithm. Initially, nearly all points consider
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Figure 18.2: Stages of training in affinity propagation clustering.
themselves the best prototype for their own clusters. But as availability and responsibility is propagated,
more votes will accumulate with some candidates, becoming prototypes for larger groups of points.
This solves the problem of determining the number of clusters, since these result automatically
from the algorithm and depend on the structure of the data. However, it does not solve other problems
with prototype-based clustering that stem from attributing points to clusters based on the similarity
to the cluster prototypes. Figure 18.3 illustrates this problem. Since all it matters is the similarity to
the prototype, and all points must be long to the cluster with the closest prototype, prototype-based
clustering is unable to account for some relations between the points.

Figure 18.3: Affinity propagation does not solve all problems with prototype-based clustering.
Affinity propagation clustering in Scikit-learn can be done with the AffinityPropagation class
in the cluster module.

18.2

Density-based clustering

The Density-based spatial clustering of applications with noise (DBSCAN) algorithm[10] takes a
different approach, which solves these problems with prototype-based clustering. Defining the 
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neighbourhood N of each point as the set of points within distance , a point p is a core point if the
number of points in the N of p is at least equal to a parameter minPts. A point q is reachable from p
if p is a core point and q is in the neighbourhood N of p or in the neighbourhood N of any core point
that is reachable from p. This recursive definition means that q is reachable from p if there is a path
of reachable core points from p to q. The DBSCAN algorithm proceeds as follows. For each point p,
if the number of points in the neighbourhood N of p is less than minPts, p is presumed to be noise.
Otherwise, a cluster is created for p, which is a core point, and all neighbours of p are added to the
cluster. If any neighbour of p is a core point belonging to another cluster, the clusters are merged.
This algorithm solves the problem of the shape of the clusters that arises with prototype clustering,
since the cluster membership propagates along the paths of nearby core points. Figure 18.4 shows the
result of clustering with the DBSCAN algorithm. The blue and green points are assigned to the two
different clusters, while the black points are considered noise and not assigned to any cluster.

Figure 18.4: DBSCAN clustering. The right panel shows the core points (white centers), the non
core points assigned to clusters (filled, green and blue) and points not assigned to clusters, which are
considered noise, in low density regions (black).
The cluster module of the Scikit-Learn library offers a DBSCAN class for clustering with this
algorithm.

18.3

Clustering Validation

In supervised learning we can always evaluate the results by measuring the error between the predictions
and the data labels. But with clustering we may not have that possibility, if we use unlabelled data.
So we may need to assess clusters by some measure of the “goodness” of the clustering. This may be
necessary in different contexts, such as to determine if the data has structure, if the right number of
clusters were predicted, if the clusters fit the data structure and if they fit some external information,
such as class labels, if such information is available. It may also be necessary to evaluate clustering
to compare different sets of clusters. Note that, in the following subsections, the similarity measure
can be substituted by a dissimilarity or distance measure. The only difference is that the meaning of
lower or higher scores will be reversed, as a high score using a similarity measure will, for the same
clusters, be a low score using a distance measure, and the quality of the clusters may be proportional or
inversely proportional to the score depending on the functions used.
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Cluster cohesion
Cluster cohesion is a measure of the similarity of points within each cluster. For each cluster, the cluster
cohesion score is:
XX
cohesion(Ci ) =
S(x, y)
x∈Ci y∈Ci

For prototype-based clusters, the distance or similarity can be measured with respect to the prototype
of each cluster:
X
cohesion(Ci ) =
S(x, ci )
x∈Ci

Cluster separation
Cluster separation measures the similarity, or dissimilarity, of examples between different clusters,
summing the similarity measure between all pairs of points in different clusters.
XX
separation(Ci , Cj ) =
S(x, y)
x∈Ci y∈Cj

For prototype-based clusters, the distance or similarity can be measured with respect to the prototype
of each cluster:
separation(Ci , Cj ) = S(ci , cj )

Sum of Squared Errors
For prototype-based clustering, we can define a sum of squared errors as the sum of the distance to the
prototype or, more often, the sum of the squared distance.
XX
SSE =
dist(x, ck )
k

x∈Ck

Silhouette Score
Given a(i) as the average distance between point i and all other points in the same cluster and b(i) as
the average distance of point i to all points in the nearest cluster, with the nearest cluster being the one
with the smallest average distance to i, the silhouette score for point i is the fraction:
s(i) =

b(i) − a(i)
max (a (i) , b (i))

Averaging over all points, we can obtain the silhouette score for the clustering, a value ranging from -1
to 1 with a higher value the more the distance between clusters, b(i), is greater than a(i). The silhouette
score is available on the Scikit-Learn library as the silhouette_score function in the metrics
module. Figure ?? shows the silhouette score for different clusterings using the k-means algorithm
with different numbers of clusters and data sets.
When working with labelled data, in supervised learning, we can also evaluate the clusters by
comparing cluster to the known structure of the data. While the previous scores we saw depend on
internal indices, computed solely from the clusters and the structure of the data, with labelled data it is
possible to use this information to obtain external indices for evaluating clusters.
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Figure 18.5: Silhouette score for different clusterings.

18.4

Further Reading

1. Frey et. al., Clustering by passing messages between data points [11]
2. Ester et. al., A density-based algorithm for discovering clusters in large spatial databases with
noise. [10]
3. Scikit-learn documentation on clustering:http://scikit-learn.org/stable/modules/
clustering.html
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